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Abstract
Using the concept of 3-Lie bialgebra; we construct the Bagger- Lambert- Gustavson (BLG) model on the
Manin triple D of the especial 3-Lie bialgebra (D,AG ,A
∗
G∗) which is in correspondence with Manin triple of
Lie bialgebra (D,G, G∗). We have shown that the Nahm equation (with Lie bialgebra G) can be obtained
from the Basu-Harvey equation as a boundary condition of BLG model (with 3-Lie bialgebra D) and vice
versa.
1 Introduction
Bagger-Lambert-Gustavsson (BLG) theory is one of the exciting works of the three-dimensional superconformal
field theories that is written as an action for multiple M2-branes [1, 2]. It has N = 8 supersymmetries and
SO(8) global symmetry [3]. The main difference of this model with the others is the utilization of 3- Lie algebra
inspired by Basu-Harvey work [4](see also Ref. [5]). BLG theory has two defects, i) it only describes two M2-
branes [6] and ii) there is only one example for it as A4 [3], which have been removed by decreasing the number
of supersymmetry to N = 6 [7] and considering Lorentzian metric [8], respectively.
Study of BPS equations has a very important role in M-theory and string theory [9–11]. One can consider
these equations as generalizations of Basu-Harvey equation [4] and determine the configuration of the M2-
M5 bound states with half of the supersymmetries in BLG model [12]. The BPS conditions for the D2-D4
configuration are described by Nahm equation [13]. M2-M5 bound states in M-theory are completely related
to the bound states in string theory for D2-D4 hence the BPS equations in the BLG theory must be closely
related to the Nahm equation [14] as the relation between D2-brane to M2-brane [15]. It is possible to obtain
Nahm equation from Basu-Harvey equation of the Lorentzian BLG theory [16] but the inverse is impossible.
However, it seems that for the special examples, the inverse is possible by employing the 3-Lie bialgebra, the
Lie bialgebra and one to one correspondence between them.
Information about BLG theory can be increased by more studies in 3-Lie algebras. In this respect, iden-
tification of 3- Lie bialgebras would help us as follows [17]. According to algebraic work in Ref. [17] without
any role for geometry, it is easy to obtain a reciprocating relation, that has an important and applicable role in
M-theory.
An outline of the paper is as follows. In section 2, using the definition of 3-Lie bialgebra given in Ref. [17],
we have considered an especial example and shown that there is a correspondence between this 3-Lie bialgebra
and Lie bialgebra. In section 3, we have constructed a BLG model on the Manin triple of this especial 3-Lie
bialgebra and obtained Basu-Harvey equation from it and shown that the Nahm equation can be obtained from
it and vice versa.
2 3-Lie bialgebra
By remembering the definition of Lie bialgebra [18] (see for a review Refs. [19–22]) we give a short review of
the definition of 3-Lie bialgebra [17].
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Definition: [17] 3-Lie algebra A with the co commutator map δ : A → A⊗A⊗A is a 3-Lie bialgebra if:
a ) δ is a 1-cocycle of A with value in ⊗3A, i.e:
δ([Ta, Tb, Tc]) = ad
(3)
Tb⊗Tcδ(Ta)− ad
(3)
Ta⊗Tcδ(Tb) + ad
(3)
Ta⊗Tbδ(Tc), (1)
where
ad(3)Tb⊗Tc = adTb⊗Tc ⊗ 1⊗ 1 + 1⊗ adTb⊗Tc ⊗ 1 + 1⊗ 1⊗ adTb⊗Tc , (2)
{Ta}s are bases of 3-Lie algebra A and adTa⊗TbTc = [Ta, Tb, Tc], [21].
b ) the dual map tδ : ⊗3A∗ → A∗ is a 3-Lie bracket on A∗ (dual space of A ) with
(T˜ a ∧ T˜ b ∧ T˜ c, δ(Td)) = (
tδ(T˜ a ∧ T˜ b ∧ T˜ c), Td) = ([T˜
a, T˜ b, T˜ c], Td), (3)
such that it satisfies the fundamental identity. In the above relation {T˜ a} and ( , ) are the basis for the dual
space A∗ and natural pairing between A and A∗, respectively. In this way A∗ constructs a 3-Lie algebra. The
3-Lie bialgebra can be shown either by (A,A∗) or (A, δ).
Definition: [17] The Manin triple (D,A,A∗) is a triple of 3-Lie algebras (D,A,A∗) so that there is a
nondegenerate, symmetric and ad-invariant metric on D (Drinfeld double algebra) with the properties1:
a) A and A∗ are 3-Lie subalgebras of D,
b) D = A⊕A∗ as a vector space,
c) A and A∗ are isotropic, i.e.
(Ta, T˜
b) = δba, (Ta, Tb) = (T˜
a, T˜ b) = 0.
Using relations (1), as the fundamental identity, Eq. (3) and δ(Ta) = f˜
bcd
aTb ⊗ Tc ⊗ Td, the fundamental and
mix fundamental identities for the 3- Lie bialgebra (A,A∗) can be obtained in terms of structure constant (of
A and A∗) fabc
d and f˜abcd as follows [17]:
faef
gfbcdg − fbef
gfacdg + fcef
gfabdg − fdef
gfabcg = 0, (4)
f˜aef g f˜
bcdg − f˜ bef g f˜
acdg + f˜ cef gf˜
abdg − f˜defg f˜
abcg = 0, (5)
fabc
g f˜def g = fgbc
f f˜deg a + fgbc
e f˜dfg a − fgbc
d f˜efg a − fgac
f f˜deg b + fgac
e f˜dfg b
− fgac
d f˜efg b + fgab
f f˜deg c − fgab
e f˜dfg c + fgab
d f˜efg c. (6)
2.1 An example
Now, we will consider an especial example of 3-Lie bialgebra which is constructed of a 3-Lie algebra AG in
relation to Lie algebra G. The 3-Lie algebra AG (mentioned in [8] for the first time) has commutation relations
as follows:
[T−, Ta, Tb] = 0, [T+, Ti, Tj] = fij
kTk, [Ti, Tj, Tk] = fijkT−, (7)
where {Ti}s are the basis of the Lie algebra G ([Ti, Tj] = fij
kT k with i, j, k = 1, 2, ..., dimG) and fij
k is its
structure constant2. Furthermore, T− and T+ are new generators and we have a = +,−, i. Now we propose
that there exists a 3-Lie algebra structure on A∗G∗ with similar commutation relations:
[T˜−, T˜ a, T˜ b] = 0, [T˜+, T˜ i, T˜ j] = f˜ ijkT˜
k, [T˜ i, T˜ j, T˜ k] = f˜ ijkT−, (8)
such that G∗([T˜ i, T˜ j] = f˜ ijkT˜
k with i, j, k = 1, 2, ..., dimG∗) is a Lie algebra.
Proposition: (AG ,A
∗
G∗) is a 3-Lie bialgebra and the structure constants f
abc
d and f˜abc
d (details of which
are given in the following) satisfy the relation (6) if and only if (G,G∗) is Lie bialgebra, i.e. G∗ is a dual Lie
1 Note that in general, the vector space D is not a 3-Lie algebra [17].
2Note that the indices of fij
k are lowered and raised by the ad-invariant metric gij of the Lie algebra G.
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algebra of the Lie algebra G , i.e., their structure constants f ijk and f˜ij
k satisfy the following Jacobi and mixed
Jacobi identities [18,20]
f ijkf
kl
m − f
ik
mf
jl
k + f
jk
mf
il
k = 0, (9)
f˜ij
kf˜kl
m − f˜ik
mf˜jl
k + f˜jk
mf˜il
k = 0, (10)
−f ijkf˜lm
k + f iklf˜km
j − f jkmf˜lk
i − f jklf˜km
i + f ikmf˜lk
j = 0. (11)
Proof: By expanding the indices g = i,+,− in two sides of the relation (6) and using the following equalities:
f+ijk = f
ij
k, f
ijk
− = f
ijk, f−abc = 0, f
abc
+ = 0,
f˜+ij
k = f˜ij
k, f˜ijk
− = f˜ijk, f˜−ab
c = 0, f˜abc
+ = 0, (12)
and by taking , a ≡ i, b ≡ j, d ≡ l, e ≡ m, c = f ≡ k, we arrive at (11), in this way we see that (AG ,A
∗
G∗) is
a 3-Lie bialgebra if and only if (G,G∗) is a Lie bialgebra, i.e., A∗ = A∗G∗ . One can consider the Manin triple
(D,AG ,A
∗
G∗) for this example, i.e. for this example D is a 3-Lie algebra.
3 From Basu-Harvey to Nahm equation
In the previous section, we constructed and showed the existence of a one to one correspondence between
the special 3-Lie bialgebra and Lie bialgebra. In other words, a special example of 3-Lie bialgebra can be
constructed by Lie bialgebra. As is well known, Bagger, Lambert and Gustavsson [1–3] have used 3-Lie algebra
instead of Lie algebra for describing multiple M2-branes. In our method, we should construct the BLG theory
on the Manin triple D, i.e., we use 3-Lie bialgebra for describing multiple M2-brane. Note that the symbol
FABCD in the Manin triple D apply for the structure constants. In this case, the Manin triple is a (4+2dimG)
dimensional 3-Lie algebra with the {TA} as basis of it with A = i, T i = T i , A = i+ dimG+2, T i+dimG+2 = T˜ i
, A = − + dimG + 2, T−+dimG+2 = T −˜ , A = + + dimG + 2, T++dimG+2 = T +˜ and following commutation
relations:
[T−, TA, TB] = 0, [T+, T i, T j] = f ijkT
k, [T+, T i, T j˜ ] = f ikjT
k˜, [T i, T j, T k] = f ijkT−,
[T −˜, TA, TB] = 0, [T +˜, T i˜, T j˜ ] = f˜ij
kTk˜, [T
+˜, T i˜, T j] = f˜ jkiT
k, [T i˜, T j˜ , T k˜] = f˜ijkT−˜. (13)
As a first step, consider the following supersymmetric transformation [1–3]:
δXIA = iǫ¯Γ
IΨA,
δΨA = DµX
I
AΓ
µΓIǫ−
1
2
XIBX
J
CX
K
D F
BCD
AΓIJKǫ,
δ(Aˆµ)
A
B = iǫ¯ΓµΓIX
I
CΨDF
CDA
B, (14)
where (Aˆν)
B
A = F
CDB
AAνCD. I, J, ... = 1, 2, ..., 8 and µ, ν, ... = 0, 1, 2 are the world volume coordinate for
M2-brane. ΓI s, X
I and Ψ are Dirac matrices, 3-Lie algebra valued transverse coordinates of M2-brane and
Majoiarana spinor, respectively with Γ012Ψ = −Ψ, and correspondingly Γ012ǫ = ǫ, as condition for spinor and su-
persymmetric parameter. Dµ is covariant derivative which is identified asDµX
(I)
A = ∂µX
(I)
A +F
BCD
AAµCDX
(I)
B .
The equations of motion of BLG model constructed by the 3- Lie bialgebra valued on Manin triple are the ob-
tained conditions from a closed property of the algebra of supersymmetric transformation with the following
Lagrangian [2, 3]:
L = −
1
2
DµX
A(I)DµX
(I)
A +
i
2
ψ¯AΓµDµψA +
i
4
FABCDψ¯
BΓIJXC(I)XD(J)ψA
−
1
12
FABCDFEFG
DXA(I)XB(J)XC(K)XE(I)XF (J)XG(K)
+
1
2
ǫµνλ[FABCDAµ
AB∂νAλ
CD +
2
3
FAEF
GFBCDGAµ
ABAν
CDAλ
EF ]. (15)
3
Evaluation of the supersymmetric boundary condition results in the supercurrent which has been obtained
previously as follows [23]:
Jµ = −ǫ¯DνX
I
AΓ
νΓIΓµΨA −
1
6
ǫ¯XIAX
J
BX
K
C F
ABCDΓIJKΓµΨD . (16)
Setting to zero normal component of the boundary of the supercurrent preserves maximum supersymmetric
boundary condition [12]. Assuming the x2 direction as the boundary, leads to vanishing J2 for remaining
maximal unbroken supersymmetry and we will have the following relation:
0 =
(
−ǫ¯DνX
I
AΓ
νΓIΓ2ΨA −
1
6
ǫ¯XIAX
J
BX
K
C F
ABCDΓIJKΓ2Ψd
)
|∂M . (17)
In order to solve this equation, one should note the presence of M2-brane which breaks the Lorentz invariance of
M-theory from SO(1, 10) to SO(1, 2)×SO(8) and half of supersymmetry [12]. In this way, SO(1, 10) breaks to
SO(1, 2)×SO(8)→ SO(1, 1)×SO(4)×SO(4) where SO(1, 1) is world sheet of string, one of SO(4) as transverse
space for M5-brane and the other as transverse space for both of M2-brane and M5-brane3. The scalar fields XI
are decomposed as XV = {X3, X4, X5, X6} corresponding to SO(4) symmetry and Y P = {X7, X8, X9, X10}
corresponding to the other SO(4) symmetry, subsequently the equation (17) turns into the following form [12]:
0 = −ǫ¯DνˆX
V
AΓ
νˆΓV Ψ˜A
−ǫ¯DνˆY
P
A Γ
νˆΓP Ψ˜A
−ǫ¯
(
D2Y
P
A Γ
2ΓP δDA +
1
6
Y PA Y
Q
B Y
R
C F
ABCDΓPQR
)
Ψ˜D
−ǫ¯
(
D2X
V
AΓ
2ΓV δDA +
1
6
XVAX
U
BX
W
C F
ABCDΓV UW
)
Ψ˜D
−ǫ¯
(
1
2
XVAX
U
BY
P
C F
ABCDΓV UP
)
Ψ˜D
−ǫ¯
(
1
2
XVAY
P
B Y
Q
C F
ABCDΓAPQ
)
Ψ˜D, (18)
where Γ2ΨA = Ψ˜A and µˆ = 0, 1, also the terms ordered in each line in terms of their Lorentzian structures and
preserving SO(1, 1) × SO(4)× SO(4) symmetry vanishes separately. In order to solve the equations, the type
of boundary condition (the Dirichlet or Neumann condition) must be specified. Assuming half of the scalars to
obey Dirichlet conditions 4 DµˆY
P = 0, Y P = 0 is obtained as the simplest solution for these conditions and
after substituting this solution in (18) we have the following relations:
0 = ǫ¯D2Y
PΓ2ΓP Ψ˜ , (19)
0 = ǫ¯DνˆX
V ΓνˆΓV Ψ˜ , (20)
0 = ǫ¯
(
D2X
V
A δ
ADΓ2ΓV +
1
6
FABCDXVAX
U
BX
W
C Γ
V UW
)
Ψ˜D . (21)
For solving these equations suppose 12 (1 − Γ
013456)Ψ˜ = Q−Ψ˜ = 0 or (1 − Γ
013456)ǫ = Q−ǫ = 0 on the
supersymmetric parameter, then (20) holds automatically [12]. Using ΓV = 16ǫ
V UWZΓUWZΓ3456 the equation
(21) takes the following relation:
0 =
(
D2X
Z
Aǫ
ZV UW δDA +XVAX
U
BX
W
C F
ABCD
)
ǫ¯ΓV UW Ψ˜D, (22)
which for the scalar fields XV is the Basu-Harvey type equations:
0 = D2X
V
A +
1
6
ǫV UWZXUBX
W
C X
Z
DF
BCD
A, (23)
3In Ref. [12] there is another way of breaking Lorentzian symmetry SO(1, 2) × SO(8) → SO(1, 1) × SO(8) where we don’t
describe it here.
4 We will not describe here the Neumann boundary condition, for a review see [12].
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we expande it as follows:
0 = D2X
V
− +
1
6
ǫV UWZXUBX
W
C X
Z
DF
BCD
− , (24)
0 = D2X
V
−˜
+
1
6
ǫV UWZXUBX
W
C X
Z
DF
BCD
−˜
, (25)
0 = D2X
V
i +
1
2
gYM ǫ
V UWXUj X
W
k f
jk
i +
1
2
gYM ǫ
V UWXUj˜XWk f˜
k
ij , (26)
0 = D2X
V
i˜
+
1
2
gYM ǫ
V UWXUj˜XW k˜f˜ i˜jk +
1
2
gYM ǫ
AUWXUj˜XWk f
k
i˜j˜
, (27)
where we have used i, j, k for representation of bases of Lie bialgebra DG . Using relation (13), one can add up
relations (24)-(27) to obtain the following relation:
0 = ∂2X
V
i˜
+
1
2
gYM ǫ
V UWXUj˜XW k˜f˜ i˜jk +
1
2
gYM ǫ
AUWXUj˜XWk f
k
i˜j˜
. (28)
Let us consider the Nahm equation as a boundary condition for a system of D2-branes ending on D4-brane
which is related to the Lie bialgebra representation as follows:
∂σX
I
A =
1
2
ǫIJKX
J
BX
K
C F
BC
A ,
∂σX
I
i =
1
2
ǫIJKX
J
j X
K
k f
jk
i +
1
2
ǫIJKX
Jj˜XKk f˜
k
ij˜
, (29)
where FABC is the structure constant of DG (the Drinfeld double of Lie algebra G) [20] and A,B,C = i, i˜. As
it has been done by the algebraic structure in this work, it can be done inversely, i.e., by this method, one can
obtain the Nahm equation from the Basu-Harvey equation and vice versa.
The Basu-Harvey and Nahm equations can be considered as BPS bounds for M2-brane and D1-string,
respectively. It would be possible to state a reciprocate relation between these equations as BPS bounds
identified in 3- Lie bialgebra, i.e., we want to reach from BPS bound for M2-brane to BPS bound for D1-string
and vice versa. BPS bound is a result of vanishing supersymmetric transformations of gauge and fermion fields
that we obtained it for M2-branes ending M5-brane by using BLG Lagrangian and showed that the result was
similar bound for D1-string ending D3-brane. The BLG Lagrangian (15) regardless of the fermion piece can be
rewritten as [24]:
L = −
1
2
DµX
A(I)DµX
(I)
A −
1
12
FABCDFEFG
DXA(I)XB(J)XC(K)XE(I)XF (J)XG(K), (30)
and the equivalent indication for the energy can be obtained as follows:
E =
1
2
Tr(∂sX
A(I)∂sX
(I)
A ) +
1
12
Tr([X(I), X(J), X(K)], [X(I), X(J), X(K)])
+
1
2
Tr(∂sX
(I)
A )−
1
12
Tr([X(I), X(J), X(K)])2 +
1
6
ǫJIKLTr(∂sX
(I), [X(J), X(K), X(L)])
≥
1
6
ǫJIKLTr(∂sX
(I), [X(J), X(K), X(L)]) (31)
i.e., in this way the Basu-Harvey equation is obtained as a BPS bound. But the above equation can be written
as
E ≥
1
6
ǫJIKLTr(∂sX
(I)
+ T
+ + ∂sX
(I)
− T
− + ∂sX
(I)
i T
i + ∂sX
(I)
+˜
T +˜ + ∂sX
(I)
−˜
T −˜
+∂sX
(I)
i˜
T i˜, X
(J)
+ X
(K)
i X
(L)
j [T
+, T i, T j] +X
(J)
+ X
(K)
i X
(L)
j˜
[T+, T i, T j˜ ]
+X
(J)
+˜
X
(K)
i˜
X
(L)
j˜
[T +˜, T i˜, T j˜ ] +X
(J)
+˜
X
(K)
i˜
X
(L)
j [T
+˜, T i˜, T j])
≥
1
2g2YM
∫
dσǫIJK∂sX
I [XJ , XK ]. (32)
Therefor, we have shown that there is a relation between Basu-Harvey equation as BPS bound obtained from
BLG model for multiple membranes and the Nahm equation as BPS bound obtained from Yang-Mills action
for multiple Dp-branes.
5
Conclusions
Using the concept of 3-Lie bialgebra, studied in arXiv:1604.04475, we have obtained Nahm equation from Basu-
Harvey equation by studying the boundary condition of BLG model, the Manin triple D of 3-Lie bialgebra
(D,AG ,A
∗
G∗). In this manner, it seems that the concept of 3-Lie bialgebra is a good idea. One can consider the
BLG model on D 3-Lie algebra and can obtain the N = (4, 4) WZW like a model on Lie bialgebra (G,G∗) using
the correspondence of 3-Lie bialgebra (AG ,A
∗
G∗) with Lie bialgebra v and vice versa, i.e. (D2 ↔ M2). Another
problem is the investigation of the N = 6 BL model where is the superconformal model [7] using 3-Leibniz
bialgebra [17] and studying the boundary condition.
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